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The miroanonial analysis is shown to be a powerful tool to haraterize the protein folding
transition and to neatly distinguish between good and bad folders. An o-lattie model with pa-
rameter hosen to represent polymers of these two types is used to illustrate this approah. Both
anonial and miroanonial ensembles are employed. The required alulations were performed
using parallel tempering Monte Carlo simulations. The most revealing features of the folding tran-
sition are related to its rst-order-like harater, namely, the S-bend pattern in the alori urve,
whih gives rise to negative miroanonial spei heats, and the bimodality of the energy distribu-
tion funtion at the transition temperatures. Models for a good folder are shown to be quite robust
against perturbations in the interation potential parameters.
PACS numbers: 87.15.A-, 87.15.C, 87.15.Zg
A protein is a polypeptide, i.e., a sequene of amino
aids. Only a very small fration of all possible sequenes
are valid, that is, they determine uniquely the native
state. This state is the three-dimensional ompat on-
formation that is stable and funtionally ative at room
temperature in its biologial environment [1℄. Protein
folding, i.e., the physial proess by whih a polypeptide
folds from low-struture denatured states into its native
state, remains an open fundamental problem in moleular
biology. This proess is remarkably fast (10−3 to 1 se.)
for natural proteins, whih are the good folders seleted
by biologial evolution. The understanding of the stru-
tural and energeti properties that haraterize a good
folder is a basi issue in the protein folding problem an a
neessary step towards two ambitious goals, namely, the
predition of the native struture from the amino aid
sequene, and the orresponding inverse design problem.
The formulation of energy landsape theory was a major
breakthrough in this researh eld [2℄. In this approah,
good folders suh as the natural proteins present globally
funneled potential energy surfaes; this implies that the
native state an be diretly reahed from almost any ini-
tial (unfolded) struture. The folding funnel landsape
is losely related to the priniple of minimal frustration
[2℄. High frustration is a feature haraterizing the en-
ergy landsape of homopolymers, whih are, therefore,
generally bad folders.
Proteins having a well dened and unique native state
whih is reahed from almost any initial ondition in-
due a thermodynami behavior whih is similar to that
of small systems undergoing phase separation between
the denatured marostate and the native one. This two-
phase piture is also essential in the kineti analysis of
folding, where eah of the two phases is assoiated with
a free energy minimum along the reation oordinate,
and the transition is desribed as an ativated rate pro-
ess. The very dierent energy of the unfolded and native
states is the origin of the two symmetry unrelated ther-
modynami phases; thus the folding transition should
be of rst order in the thermodynami limit. The two-
phase piture is however inadequate to the orresponding
transition in bad folders suh as homopolymers, whih
is known to be a seond order transition (the so alled
oil-globule or θ-transition) [3℄. The order of the transi-
tion is therefore a determining fator to haraterize good
and bad folders in the thermodynamial limit. However,
proteins are atually nite size systems, and the las-
siation of the transition under these irumstanes is
not an obvious task. Shemes based on Fisher zeroes or
Lee-Yang zeros [4, 5℄ of the partition funtion depend-
ing on a omplex intensive parameter (e.g. temperature)
have been used to analyze the thermodynamis of nite-
size systems [6℄, and more reently these methods have
been applied to the haraterization of the protein folding
transition [7℄.
Closely onneted to the behavior of Lee-Yang zeros in
the omplex temperature plane, some features of the mi-
roanonial ensemble have turned out to be very useful
in the haraterization of transitions in nite-size systems
where phase separation appear as a relevant pattern, as
seem to our in the folding transition for good folders.
These systems may beome older upon absorbing en-
ergy (S-bend), whih would lead to a onvex behavior
of the miroanonial entropy and to negative values of
the orresponding spei heat. These features are rig-
orously linked to the bimodality of the energy distribu-
tion funtion at the transition temperature [8℄, again a
lear evidene of the two-phase oexistene. These har-
ateristi phenomena have been observed in astrophys-
ial systems [9℄, in magi-number lusters [8℄, in nulei
fragmentation [10℄, and in nite-lattie spin models [11℄.
Related to the present work, the miroanonial analysis
of peptide aggregation proesses [12℄ and of assoiation of
hydrophobi segments in heteropolymers [13℄ have been
arried out more reently.
In this Letter, we will demonstrate that the miro-
anonial analysis is able to haraterize in a preise way
the protein folding transition, thus allowing us to neatly
distinguish between good and bad folders. Therefore,
this sheme would provide us with a new tool in
2tein folding researh that is simpler than the shemes
based on the analysis of either the energy landsape or
the behavior of partition funtion zeros in the omplex
temperature plane, but as powerful as them.
In order to illustrate how to haraterize protein fold-
ing by the miroanonial analysis, the simple but still
realisti o-lattie model proposed by Clementi et al.
[14℄ (with some slight modiations) will be employed.
This gives the onformation of a sequene of N beads
(eah one representing a residue) by their oordinates
r1, . . . rN in three-dimensional spae. The potential en-
ergy surfae (PES) of the polymer is built as a sum
of pairwise interations Uij = δi,j+1a(rij − r0)
2 + (1 −
δi,j+1)4ǫij [(σij/rij)
12− (σij/rij)
6], where the interation
between two non-bonding beads is hosen as a Lennard-
Jones potential, while between bonding beads we have
used a harmoni potential with fore onstant a = 50
Å
−2
(energies shall be measured in arbitrary dimension-
less units) and equilibrium distane r0 = 3.8 Å. In our
analysis we shall onsider the two polymer models with
N = 30 proposed earlier [14℄, and a third new model.
The rst one orresponds to a homopolymer (HMP) for
whih we have hosen, ǫij = 10 and σij = 6.5 Å for all
i, j. As expeted for this system, this set of parameters
leads to a very rugged energy landsape and therefore
to a high frustration system; all these features hara-
terize a bad folder. With the seond model, a designed
heteropolymer (DHTP), we intend to represent a natu-
ral protein, i.e. a good folder. In this ase the proposed
polymer sequene [14℄ is intended to make oinide the
protein native struture with the homopolymer global
minimum. As far as the ǫij Lennard-Jones parameter
are onerned, this sequene is made with four types of
amino aids and, therefore, 10 dierent ǫij values in the
range 0.25 ≤ ǫij ≤ 10. Following our referene work [14℄,
we have hosen the σij values so that the native struture
orresponding to the hosen sequene is signiantly sta-
bilized, i.e. its frustration minimized; we obtain in this
way values in the range 5 < σij < 17 Å. This parameter
set leads to a lear funneled landsape, whih harater-
izes good folders. The third model has also N = 30 and
it is a random heteropolymer (RHTP) given by a random
sequene of the previous four amino aids with the same
set of ǫij values and σij = 6.5 Å.
At this point we should mention that homopolymers
models dierent from those hosen in this work have
been either shown or suggested to present a rst-order-
like (liquid-solid-like) transition at a temperature below
the θ-like transition [15, 16℄. Parallelly, protein mod-
els have been proposed that present a θ-like transition
above the folding transition temperature [17℄. In these
ases, the two θ-transitions as well as the protein fold-
ing and homopolymer liquid-to-solid transitions an be
identied, but the major dierene between the latter
two is that the folded solid-like states in the homopoly-
mer present polymorphism, while the protein native state
is generally unique. Therefore, the mehanisms behind
these two rst-order-like transitions are dierent. Under
these irumstanes our thermodynami analysis will not
be able to neatly distinguish between good and bad fold-
ers, but heking for the uniqueness of the native state
would solve the issue. Indeed, using the basin-hopping
method[18, 19℄ we have heked that polymorphism also
haraterizes the model introdued to study the assoi-
ation of hydrophobi segments in heteropolymers [13℄.
Therefore, one an not draw any onlusions about the
folding transition from that study.
We have performed parallel tempering (also known as
replia exhange) Monte Carlo simulations [20℄ for our
three polymer models. Both anonial and miroanon-
ial ensembles have been simulated. A good sampling
requires the knowledge of the global minimum for eah
polymer. These have been found using the basin-hopping
sheme [18, 19℄. We onrm in this way that the geomet-
rial struture of the native state in the DHTP oinides
with that of the HMP global minimum. It is interesting
to point out that the searh of the DHTP protein native
struture is a fator of 10 faster than that of the HMP
and RHTP global minima, whih is a diret onsequene
of their very dierent energy landsapes.
Starting out from eah of these global minima we
perform 50 replias. For the anonial ensemble these
replias expand the temperature range 0 < kBT ≤ 25
(kB being the Boltzmann onstant), while the miro-
anonial sampling is performed in the energy interval
−1560 ≤ E ≤ 875. In order to equilibrate our systems
at eah sampling point, 1 × 108 Monte Carlo steps were
run. Statistis were then olleted for the same number
of additional steps. Results for the anonial heat apa-
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Figure 1: Canonial heat apaities for the polymer models
HMP (a), RHTP (b) and DHTP ().
3PSfrag replaements
(a)
(b)
(c)
E
4
6
8
−1200 −1100 −1000 −900 −800
0
3
6
6
9
−600 −400 −200
0
16
14
12
10
−450 −300 −150
0
0
0 150 300 450
kBT
kBT
k
B
T
k
B
T
k
B
T
Figure 2: Calori urves for the polymer models HMP (a),
RHTP (b), and DHTP (). Results are for the anonial
(dotted line) and miroanonial (full line) ensembles.
ity Cv(T ) =
3
2
NkB + (
〈
U2
〉
− 〈U〉
2
)/kBT
2
, where U is
the potential energy, are presented in Fig. 1.
The three polymer models show a single peak in the
heat apaity that, using the same energy sale, is nar-
rower for the DHTP model. Clearly, from these results
we annot extrat any denite onlusion about the na-
ture of the transition assoiated with the heat apaity
peaks.
The situation hanges dramatially when we move to
the miroanonial ensemble. Fig. 2 presents energy-
temperature plots (alori urves) for both ensembles and
three polymer models. While the data for both the HMP
and RHTP models show the same behavior in both en-
sembles, the S-bend miroanonial feature that hara-
terizes rst-order-like phase transitions is observed in the
DHTP model. The origin of this feature an be under-
stood in terms of the two-phase piture behind the folding
transition. Sine the native state orresponds to a very
deep potential well, the low temperature behavior will
follow losely that of a multidimensional harmoni osil-
lator, with a density of states that grows with energy as
a power law. Therefore, entropy is a onave funtion
of energy. At energies where the unfolded state starts
to partiipate, large high potential energy regions of the
DHTP onguration spae are sampled; thus the density
of states grows signiantly and a onvex intruder ap-
pears in the above funtion. In other words, the system
beomes older upon absorbing energy and the miro-
anonial heat apaity (not shown here) beomes nega-
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Figure 3: Energy distribution funtions. HMP (a), RHTP
(b) and DHTP (). Numbers within the panels are the kBT
values.
tive in the phase oexistene region. The same behavior
is not possible in the θ-like transition for for both HMP
and RHTP models beause, due to the rugged nature of
the potential energy landsape, the energy regions just
above and below the transition zone are very muh alike.
We have mentioned in the introdutory paragraphs
that the miroanonial S-bend feature is diretly on-
neted to the bimodality of the energy distribution fun-
tion at the transition temperature. In Fig. 3 we present
this funtion for the three models at three temperatures
lose to the orresponding transition temperature. The
totally dierent performane of these models is learly
observed; the two phase oexistene is obvious in the
DHTP model. As is well known, the energy dierene be-
tween the two maxima in the bimodal energy distribution
provides the transition latent heat (∆Q = 2.8×102). The
energy distribution funtions for both HMP and RHTP
show also an interesting behavior, namely, not only the
average energy inreases monotonially with tempera-
ture but also the energy utuation does so. Of ourse,
DHTP shows a maximum of this utuation at the tran-
sition temperature, as expeted from its rst-order-like
nature. The internal energy utuation is nothing but
[Cv(T ) −
3
2
NkB]kBT
2
; therefore, when the heat apa-
ity is properly shifted and multiplied by T 2 the peaks
observed in Fig. 1 for both HMP and RHTP do indeed
disappear, but the one for DHTP does not. Note that the
same behavior is observed respetively for bad and good
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Figure 4: Minimum values of the anonial (dotted line) and
miroanonial (full line) alori urve derivatives as a fun-
tion of x (see text for details).
folders in the utuation of the energy landsape urva-
ture dened by Mazzoni and Casetti [21℄. This measure
is diretly related with the internal energy and the be-
havior found for the utuations of the latter might as
well be the origin of the similar behavior observed in the
utuation of this urvature.
Finally, an interesting issue is onerned with the fol-
lowing question: One we have set the PES model param-
eters for a good folder, how muh an we hange them
towards those for the bad folder without essentially al-
tering the quality of the model as a good folder? In
order to answer this question we have repeated the pre-
vious miroanonial analysis for a set of models with
parameters hosen as {p}x = {p}g− ({p}g−{p}b)x with
0 ≤ x ≤ 1, where {p}g and {p}b are respetively the pa-
rameter sets for DHTP and HMP models. Fig. 4 presents
the minimum values of dT/dE from both the anonial
and miroanial alori urves. Notie that the transi-
tion from good (dT/dE < 0) to bad (dT/dE > 0) folder
ours at x ∼ 0.54, and that the good folder behavior
is markedly better for x ∼ 0.3. The other properties
haraterizing good folders (unique native state and fun-
neled energy landsape) were heked to be linked to the
negative dT/dE interval. Therefore, even strong pertur-
bations of the parameters for a good folder do not hange
the essential behavior of the folding transition.
Conluding, we have shown that the miroanonial
analysis is a powerful tool to haraterize the protein
folding transition and to neatly distinguish between good
and bad folders. We have applied this sheme to three toy
models representing these two types of polymers and have
shown that one we have a good folder, its properties are
quite robust against perturbations in the interation pa-
rameters. Possible onnetions between the features that
ome out from our analysis and the behavior of measures
suh as the urvature of the energy landsape [21℄ have
been disussed.
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